
Fourier Analysis 03 - 26

Review :

Def . A function f : IR → Cl is said to be ofmoderatedecreasem
=

if ① f is Cts on IR
.

② I a constant A so such that

I fix , I s A- t XE IR
.

It Xd ,

Let LY be the collection of all functions on IR of moderate
decrease .

Def . Let ft MUR) . The Fourier transform off is

Icg , = ff fan e-
"i 's "

dx
,
be uz

8. 5.2 Some properties of the Fourier transform .

Propst : Let ft MGR)
.

Then the following hold :
① faith) NF Fest . e-"

' h 's
,
the IR

② f e⇒ih× NF, th) , b- HEIR
.



③ f- Csx ) TF t IH )
,

as > o
.

④ ftx , ¥ ⇐ iss ) Fcb )
,

tf FEMUR)

⑤ -ztixfcxi ITF daffy , if xfcx, EMIR)
.

Pf : ① f
.

? faith) e-* ib×d×
= lying, fi! faith ) e- Kiss 'd,
= kings Ii fuse- " island ,
= e'"BY kings Iii!! fcy , e-mind ,
= e'" is 't fed

.

Similarly we can prove ② and ③
.



④ f! f ' , e-
""

'

Mdx

= Lings fi! fix , e-" ibxd,
= king. ( fan e-

" ik " hi! - fi! fantaisie'd:D
= 2h'S FG) .

⑤

Ecs+o%%f! fan .

""¥
.

05
= fifa.ee#iKEjEitdx

It is clear that
-271's} x

h 'm e - I

A- S -so 7g
=

- ZTIIX

we claim that

y e→io!g / E 2am
.



To see it
,
notice that

e-
Kid 's x

- , = e-
" idk

. ( e-Tidy etiosxy
-Tio } x

= - zi e - sin@ o 's x )

go f e-
Width

- if a lsinftohsx ) l
- =
-

1031 1051

I 21THI
.

(Lebesgue dominated convergence Thm)

Let (ftp. be a family of functions in MCR) such that

① Sutpfftl E F with f!F¥x so
③ III. feel = Gan ,

t x EIR for some LEMUR) .
Then

III.↳fix'd x = Sir gcxidx .

Now applying DCT to

fix , . e-
⇒ is X

. e
- 2MHz ×

y
-

*§
we obtain the desired result . .



Thin ( Riemann - Lebesgue Lemma )
Let f- E MUR) .

Then

¥3 Fess - o .

Pf . Notice that

FISK £! fcx , e-mission,
= £5 fairy, e-

"Tibbits)d×
= ff - fatty) e-""

'*
dx

Hence

Fez , = f! fan - faiths ) - itissx

-2 e dx

Hence

Ecs , I s Eff / fan - fcxtztztldx
→ o as { → o . Me



Example : as Calculate f for fan = E
""

.

fess = fr e-"" e-"
" "
oh,

dff{# = fr C- ztlix) e-
""
e
-""}×¢×

= fr i @
""J

'

e
-""

'

5xd×

= i e-
"" II - f. ie""- Gais) e-" ibex

= - 21T § '↳ e-
""

e
-Z"B×d×

= - ZTT § . fog ) .

e
"?( Ec's , + zig fest ) - o
i.e . d @

"3¥31! ⇒-
d }

⇒ e
's' fess , = const

.

⇒ fear c. E" " .



Finally f%s= £! e- ""dx =L .

So El
.

Example 2 . Calculate f- for fun = e-
t"

.

IKE f! e-Me-" '
'

5×d×

=/! e- " e-""
'

ha, t f: e
"

e-
"'

'

show

= Joo ex fi - Zeiss )d× + f.of excl
- Zhi } )d×

= ex (t - Mig )
/ ! + excl -Hiss ) o

i/ . .
=
1-

+
1-

It ziti } I -Zai}

=
2-

It 4h35 .



Ex
. Let a>o

.
Calculate the founder transform

of e-
a"

and e- at" .

• Notice that letting fan = e-
""

,
then

gas .- e-
a"

= fcr¥H
Hence
ga, ,= area . Ec 3 -Ea )

= Tiz . e-
*( 5. Ia )

= Tz . e
- Ya

.

• gas = e-
at"

= f- fax , where f* E
"

Task ta ECT ) = ta . i¥Fs÷=aIfTis .


